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Algorithms are derived to solve the heat equation symbolically using Widder's "Heat 
Polynomials". The algorithms have been implemented in MuSimp. 
Introduction 
We shall derive an algorithm suitable for a small computer algebra system which will 
solve the heat equation given initial values u(x, to)= r where ~p is a polynomial, 
without having to evaluate the heat integral. Uniqueness of the solutions follows from the 
fact that polynomial solutions of the heat equation have Huygens' property. We shall also 
derive an algorithm for the boundary value (finite bar) problem. We first discuss the case 
of one space dimension. 
Definitions 
The two-dimensional heat polynomial of degree m is defined in Rosenbloom and 
Widder (1959) as 
[m/2] tkxm - 2k 
v,(x, t) = m! 
k = o k t (m-2k) ! 
where Era/2] is the greatest integer less than or equal to m/2. Thus for example 
Vo(X, t) = 1, vl(x, t) = x, Vz(X, t) = xZ+2t, and v3(x, t) = xa+6xt.  The polynomials 
vm(x, t/a) solve the heat equation 
a2u au 
ax---- ~ -~ ~ = O. 
In our discussion we shall assume ct to be 1. Other values of ct are handled by replacing t 
by t/ct. We shall refer to any solution of the heat equation as a heat function. 
If the temperature of an infinite bar extended along the x-axis of an x, F-plane is given 
by the function ~p(x) at time t = 0, the temperature u(x, t) at a later time t is usually given 
by the heat integral 
u(x, t)= f~_| k(x-y, t)~o(y) dy (I) 
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where 
e --  xZ / (4 t )  
k(x, t) = ,fi- i " 
A derivation of this result can be found on page 53 of Carslaw and Jaeger (1959). We 
shall derive an algorithm to find u(x, t) without evaluating the integral (1). 
In Widder (1975) a function u(x, t) is said to have Huygens' property in a strip 
a < t < b, - co < x < oo if u(x, t) solves the heat equation on the strip and if for every t
and t' with a < t' < t < b we have 
u(x , t )=f?k(x -y , t - t ' )u (y , t ' )dy ,  
where the integral converges absolutely. Polynomial solutions of the heat equation have 
Huygens' property and dearly if u(x, t) and w(x, t) both have Huygens' property in a 
region that contains the strip to < t < b, and u(x, to) = w(x, to) it follows that 
u(x, t) -- w(x, t) for all to <~ t < b. 
It is proved in Widder (1975) that a solution of the heat equation can be expanded in a 
series of heat polynomials in the widest strip Itl < a, - ~ < x < ~ in which it enjoys the 
Huygens' property. Thus every polynomial solution of the heat equation is a finite linear 
combination of heat polynomials. 
The Algorithms 
The constructive proofs we give to the following theorems yield algorithms for finding 
the solutions. They have been implemented in MuSimp (Softwarehouse, 1985), the 
language in which muMath is written, using the distributed representation that appears in 
Mawata (1986). 
THEOREM. Let p(x) = b.x" + b,_ l x"- t + . . .  + bl x + bo, and let to be a real number. 7hen 
there exists a unique polynomial heat function 
such that 
u(x, t) = ~ aivt(x, t) 
f=0 
u(x, to) = p(x).  
PROOF. If p(x) is constant, i.e., n = O, say p(x) = bo, then 
u(x, t) = bovo(x, t) = bo 
yields the desired solution. 
Suppose that p(x) has degree n = k and that for any polynomial q(x) of degree less than 
or equal to k -  1 we can find a heat function 
k-1 
u*(x, t) = am(x ,  t) 
such that u*(x, to) = q(x). Consider the polynomial 
q(x) = p(x ) -  b k vk(x, to). 
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Since the leading term of vk(x, t) is x k, q(x) is of degree k -  1 and so by assumption there is 
k-1  
u*(x, t) = ~ aivt(x , t) 
/=0 
such that 
The function 
u*(x, to) = p(x)--bkVk(X, to). 
u(x, t) = u*(x, t)+ bk Vk(X, t) 
is the desired heat function with u(x, to) = p(x). To show uniqueness suppose that w(x, t) 
is another polynomial heat function with w(x, to) = p(x) = u(x, to). Then since both u(x, t) 
and w(x, t) have Huygens' property in the whole plane, u(x, t) =- w(x, t). 
THEOREM. Let Xo and xl be two real numbers, Xo v ~ xi, and let po(t) and pl(t) be two 
polynomials of degree deg o and degl respectively with m = max{dego, degi}. Then there is a 
unique polynomial heat function 
2m+ 1 
u(x, t) = ~. a~v,(x, t) (2) 
i=0  
such that u(x o, t) = po(t) and u(xl, t) = pl(t) for all t e ( -~ ,  Go). 
PROOF. If m = 0, say po(t) = bo and pl(t) = Co, observe that both Vo(X, t) and vl(x, t) are 
of degree zero in t. We look for a solution of the form 
N 
u(x, t) = ~, a~v~(x, t), N ~ 1 
i=0  
by finding ao and a i such that if 
then 
and 
Since 
u(x, t) = aovo(X, t) + al vl(x, t) = ao + ai x, 
U(Xo, t) = ao + ai x o = bo 
u(xl, t) = ao +ai xl = Co. 
EI  ixol 
there is a unique solution ao, al to the above system of equations. To show uniqueness for 
the ease m -- 0 suppose that w(x, t) is another polynomial solution to the problem. Since 
N 
w(x,t)  has Huygens' property it is of the form ~ d~vi(x, t). If N~< 1, then the 
i=0  
construction proves that w(x, t) =- u(x, t). Now suppose that N = 2. 
Then 
w(x, t) = d o + dl x + d2(x 2 + 2t), 
W(Xo, t) = do+dixo +d2(x~ + 2t) = bo, 
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and 
w(xl ,  t) = do +d~xl  q-d2(x 2 +2t) = Co. 
Equating coefficients of t leads to the conclusion d2 = 0 so N ~< 1 and w(x, t) ~- u(x, t). In 
a similar way one can show that if N > 1 then d 2 = d 3 . . . . .  d N = 0. 
Suppose now that the theorem is true for m ~ k -  1. Let 
Po(t) ---- bk tk + bk - 1 tk - 1 -t- . . . . .  Jr- bo ,  
and 
p1(t) ---- Ck tk -t- C k _ 1 tk -  1 -t- . . . . .  n t- CO, 
N 
where one of b k o r  C k might be zero. We look for solutions of the form ~ aivi(x, t) with 
i=0  
N ~< 2k+ 1. First note that VEk and V2k+~ are the two heat polynomials of degree k in t. 
(2k) [ (2k + 1) t 
The coefficient of t k in V2k is ~ ,  and the coefficient of t ~ in /)2k+l is k! "X .  
Equating coefficients of t k in u(xo, t) = po(t) and in u(xl,  t) = p~(t) yields the system 
(2k) ! (2k+ 1) t 
a2k ~ +a2a+l k! 
(2k) ! (2k+ 1) ! 
a2k ~ +a2~+l k! 
which has a unique solution a2k, a~k+t. 
Let u*(x, t) = a2kv2~ +a2k+lV2k+ l and let 
u**(x, t) = u(x, t ) -u*(x ,  t) = 
- -  X 0 = b k 
- - X I ~ C  k 
2k-1  
2 a,o,(x,t) 
i~O 
so that 
u(x, t) = u*(x, t) + u**(x, t). 
We observe that u**(x, t) is a heat function with the properties 
u**(x0, t) = Po(t ) -u*(xo ,  t), 
and 
u**(xl ,  t) = p l ( t ) - -u* (x l ,  t). 
Since the leading terms of u*(x o, t) and u*(xl, t) are bkt ~ and Ckt k respectively, the 
polynomials on the right hand side are of degree at most k -1  in t, so by assumption we 
have a solution u**(x, t) to this problem. Uniqueness is proved in a similar way to the 
case m = 0 by equating coefficients of t. 
The Initial Value Problem in Higher Dimensions 
In the case of two space dimensions, there is one heat polynomial v,,,,,(x, y, t) for each 
pair m, n of positive integers. It turns out that 
vm.,,(x, y, t) = v,.(x, t)v.(y, t) 
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where v,, is ruth heat polynomial  of the one space dimension case (see Widder, 1975). The 
leading term of v,,.,,(x, y, t) is xmy" and all the other terms are of degree less than m in x 
and degree less than n in y. The proof of the algorithm remains essentially the same. In k 
space dimensions we have for each multi-index (ml . . . . .  ink) a heat polynomial 
~m . . . . . . .  ~(X l  . . . .  , X~,  t )  = V , , , (X l ,  t )om~(X~,  t )  . . . V,,,~(X~, t). 
Some Examples 
For  the finite bar with boundary conditions u(O, t) = t3+2t  - 1/3, and u(1, t) =- -5 t  2, 
we get 
u(x ,  t) = - 1/840x 7 + 1/120x 6 -  1/20x 5 -1 / lOxSt+ 1/4x4t - 1/2x3t2 - -2xSt  
+ 3 /2x2t  2 - 1 /30x  3 - x t  3 - 6xt  2 + x 2 + t a - 1 /5xt  - 227/420x + 2t- -  1/3. 
For  the infinite bar if we require 
u(x,  2/3) = x4-2x  3 + 1/2x+6, 
we get 
U(X, t) = X 4 -  2X 3 + 12XZt-- 8X 2 -- 12Xt + 12t 2 -- 17/2X-- 16t + 34/3. 
In tWo space dimensions if we require 
u(x,  y, O) --- x6 -y~x3 + 1 /3y3x  
we get 
u(x ,  y, t) = - yCx 3 - 6y4xt - -  12y2xat  + x 6 + 1 /3y3x- -  72y2xt  2 + 30xCt 
_ 12x3t  2 + 180x2t 2+2yxt -72xt  3 + 120t 3. 
Conclusion 
The algorithm for the initial value problem can be generalised in a routine way to 
higher dimensions. The boundary value (finite bar) problem however presents some 
difficulties because replacement of the interval Ix0, x l ]  by a rectangle or a cube results in 
an overdetermined problem unless we impose consistency conditions at the intersections 
of the faces. 
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